We quantize the Poisson-Lie group SL(2, Ê) * as a bialgebra using the product of Kontsevich. The coproduct is a deformation of the coproduct that comes from the group structure. The resulting bialgebra structure is isomorphic to the quantum universal enveloping algebra U h sl(2, Ê).
of polynomial functions on g * . This explains why the bialgebras on the top are equivalent.
The bialgebras in the middle and the bottom of the diagram are deformations of the bialgebras on the top. The "direction" of the deformation is given by the Lie bialgebra structure of g resp. g
* . On the LHS we first deform the product to a non-commutative one (parameter ε) and in the second step also the coproduct (parameter h). All this is well known from quantum group theory.
On the RHS we first deform the coproduct and the Poisson structure on g * (δ * defines a Poisson bracket on F (g * )) so that the algebra can be identified via the exponential map with the algebra of functions on the Poisson-Lie group (G * , {} h ). In the second step the product is deformed in the direction of the Poisson structure using the formula of Kontsevich. In this quantization the coproduct is held fixed on the generators of F (g * ) 1 but as it has to be compatible with * ε it gets also deformed.
The question which now naturally arises is wheter the two deformed algebras on the bottom of the diagram are isomorphic or not.
Results
We worked out explicitly the case g = sl(2, Ê), and we showed that the resulting deformed bialgebras are isomorphic. The algebra is generated by elements ξ 1 , ξ 2 and ξ 3 satisfying the following relations:
[ξ 2 , ξ 3 ] = ε sinh(h ξ 1 ) sinh(h) and
If we take the limit h → 0 we get the bialgebra in the middle of the LHS of the diagram. The limit ε → 0 corresponds to the bialgebra in the middle of the RHS of the diagram. And of course taking both limits gives the bialgebra on the top of the diagram.
Lie Bialgebra
A basis for sl(2, Ê) is given by the matrices
The Lie algebra structure is characterized by
The cobracket (or cocommutator) is the coboundary of the r-matrix
This gives the standard Lie bialgebra structure on sl(2, Ê):
First we explain the notions of Poisson-Lie group and Lie bialgebra. A more detailed introduction can be found in [DF] or [CP] .
Definition 3.1. A Poisson-Lie group is a Lie group with a Poisson structure that is compatible with the Lie structure in the sense that the group multiplication (m :
The infinitesimal neighborhood of the identity element of a PoissonLie group gives us the structure of a Lie bialgebra. Definition 3.2. A Lie bialgebra is a Lie algebra with the additional structure of a linear map δ : g → g ⊗ g, called the cobracket (or cocommutator). The dual of the cobracket δ * has to be a Lie bracket on g * and the cobracket δ has to be a 1-cocycle in the Lie algebra cohomology of g with values in g ⊗ g with adjoint action.
In the case of Poisson-Lie groups, the cobracket can be given as follows. Let α be the Poisson bivector field on G. Then define w : G → g ⊗ g as w(g) := R * g α(g) where R g : G → G is the right translation by the element g ∈ G. Then δ is given as the derivative of w at the identity, i.e. δ = dw(½) : g → g ⊗ g.
1. Also g * is a Lie bialgebra: its bracket is the dual of the cobracket of g and its cobracket is the dual of the bracket of g.
2.
Each Lie bialgebra can be integrated to a Poisson-Lie group. This means that there is a Poisson-Lie group, so that the Lie bialgebra describes its infinitesimal structure at the identity.
We take the dual Lie bialgebra 2 and integrate it to the following Lie group (see [CP] , example 2.2.10) 
with g, h ∈ G. In particular this means that w(½) is always zero. We now set g = e sX and h = e tX (X ∈ g) and take the derivative of the above condition with respect to t in t = 0:
Integration gives:
This formula is well defined if the exponential map is bijective.
The integration of the cobracket leads to the following Poisson bivector field on SL(2, Ê):
In the coordinates x 1 := ln a, x 2 := −b and x 3 := c the Poisson bivector field takes the form
2 When defining duality we could scale the dual bracket and dual cobracket by a constant factor. This will not be interesting for the calculations that follow but we will use that fact in the last sections for the interpretation of our results.
Kontsevich's Product and Gauge Transformation
Kontsevich gave a formula for the deformation quantization of a Poisson manifold ( [K] ). His product looks as follows:
where G n is the set of all diagrams of a certain type (admissible diagrams) with n + 2 vertices. The diagrams represent bidifferential operators. Each vertex in a diagram stands for the Poisson bivector field multiplied by ε.
We now consider the algebra F of functions on SL(2, Ê) * generated by the elements x 1 , x 2 , x 3 and e ±x1 . Kontsevich's product on these generators can be written in the following form:
where c ∈ Ê \ {0}, A(ε 2 ) and B(ε 2 ) are formal power series in ε 2 and (−1) k B k =: B k are the Bernoulli numbers that are defined by
. We omitted the products x 1 * e ±x1 and e x1 * e −x1 . We will later consider a gauge equivalent product (see Lemma 4.1) for which these products are trivial. To compute these products, it is convenient to consider 3 types of vertices that correspond to the 3 terms α 1 , α 2 and α 3 (α = α 1 + α 2 + α 3 , see equation ( * )) of the Poisson bivector field.
If we consider * -products of terms that are polynomial in x 1 , x 2 and x 3 , we see that the α 1 -and α 2 -vertices reduce the power with respect to x 1 by one but preserve the powers with respect to x 2 and x 3 . On the other hand the α 3 -vertex reduces the power of x 2 and x 3 by one but contributes with a power series with respect to x 1 .
By counting powers one readily sees that the first five products (a) are at most of second order in ε. Further one verifies that for the product x 2 * x 3 (b) only diagrams with exactly one α 3 -vertex give nonvanishing contributions: diagrams with no α 3 -vertex can be split up in a part that acts only on x 2 and a part that acts only on x 3 . Such diagrams are of weight 0. By counting the powers with respect to x 2 or x 3 , we see that more than one α 3 -vertex is not possible. Therefore, only the following types of diagrams are of interest: C stands for the α 3 -vertex and A resp. B stand for many α 1 resp. α 2 vertices. Each normal arrow represents a single derivative and the double arrows stand for many derivatives (it is easy to figure out how many if the number of vertices is given). Since all derivatives with respect to x 1 act on the α 3 -vertex, all diagrams with odd (even) order in ε are proportional to sinh(2x 1 ) (cosh(2x 1 )). Now we consider the last two products (c). For the product e x1 * x 2 we have to compute diagrams of the following type:¯Ü
The weights of diagrams of this type have already been computed by V. Kathotia [Ka] . His result is that the weights are essentialy given by the Bernoulli numbers.
We will see in the next section that it would be convenient to have x * n 1 = x n 1 for all n ∈ AE. Moreover this spares us the computation of the products x 1 * e ±x1 and e x1 * e −x1 . The solution is given in the following lemma:
Lemma 4.1. There is a differential operator of the form
with a m ∈ Ê ∀m ∈ 2AE (and a 0 = 1), so that the new product defined
Proof. For convenience we will write x instead of x 1 in this proof. In the first step we consider the product x n−1 * x. By counting powers with respect to x 2 or x 3 , one sees that no diagrams with α 3 -vertices can appear in this product. It is also not hard to see that only diagrams with only α 1 -vertices and diagrams with only α 2 -vertices give non-zero contributions. Because the α 1 -and the α 2 -vertices have opposite signs, the diagrams with an odd number of vertices cancel out. Therefore, we can write the product as
By the preceding arguments, it is clear that the multiple * -product x * n only consists of even orders in ε:
If we know all the b k , the c n k can be found recursively. We compute x * (n−1) * x using first equation (2) and then equation (1):
If we compare this expression with equation (2), we find:
On the other hand we want D to satisfy
Because of equation (2), this leads to
If we use this result in the recursive formula for c n k , we easily find:
Fortunately, the equation does not depend on n any more.
We now simply write * for the new product. The products of our generators then look as follows:
where
The last two products do not change under the gauge transformation because the vertices that appear in their diagrams do not depend on
To compute the opposite products such as x 3 * x 2 and x 2 * e ±x1 we use the fact that f * g = g * f | ε →−ε for Kontsevich's product 3 . In particular this means that the commutator of two functions is equal to 2 times the odd (with respect to ε) terms of their product. We finally give a useful relation for the products in (3) and their opposite products:
These relations are a direct consequence of the following relation satisfied by the Bernoulli numbers
Coproduct
We consider the algebra F = Ê{x 1 , x 2 , x 3 , e ±x1 } [[ε] ] of non-commutative words in the generators. We define the coproduct for this algebra ∆ : F → F ⊗ F as follows: for the generators it is given by
For arbitrary products of generators, We extend ∆ as an algebra homomorphism with respect to * . An easy computation shows that ∆ is coassociative. Now we are interested in the algebra F = F /I ε , where I ε is the two-sided ideal that is generated by the following relations:
where [a, b] 
For the coproduct ∆ on F descending from ∆ to be well defined, it is sufficient to prove that I ε is a coideal of F (i.e. ∆(I ε ) ⊂ I ε ⊗ F + F ⊗I ε ). This can be verified by a straightforward computation. We only show one case:
The following Lemma shows that our algebra is a flat deformation of
Lemma 5.1. {x * n1 1 * x * n2 2 * x * n3 3 * e mx1 | (n i ∈ AE, m ∈ } is a basis for F . If m is negative we read e mx1 as (e −x1 ) −m .
Proof. We check the following facts:
i) Each word can be ordered using the commutation relations. It is clear that this can always be done recursively.
ii) The ordered words are linearily independent as they are (commutative) monomials for ǫ = 0.
Lemma 5.2. The coproduct for F defined above is a non-trivial deformation of the coproduct on SL(2, Ê) * that comes from the group structure.
Proof. For ε = 0, our algebra is the algebra of functions on SL(2, Ê) * that are polynomial in the generators. The product is the pointwise commutative product and the coproduct is the natural coproduct comming from the group structure. To see that the coproduct is indeed a non-trivial deformation, we could for example compute ∆((x 2 ) 2 ) (x * 2 2 = (x 2 ) 2 ) and we would find that ∆(x 2 )∆(x 2 ) − ∆(x 2 ) * ∆(x 2 ) does not vanish in second order in ε.
6 Bialgebra structure
So far we constructed a bialgebra F = Ê{x 1 , x 2 , x 3 , e ±x1 }[[ε]]/I ε where I ε are the relations given by the commutators of the generators. We would like to write this algebra in different coordinates to see that it is isomorphic to the quantum universal enveloping algebra U h (sl(2, Ê)).
Therefore we set x 1 = εz 1 x 2 = 2εA(ε 2 ) sinh(h) z 2 x 3 = 2εA(ε 2 ) sinh(h) z 3 and h = 2ε. For the new generators z i the commutation relations look as follows:
[z 1 , z 2 ] = 2z 2 e ±hz1/2 * x 2 = e ±h x 2 * e ±hz1/2
[z 1 , z 3 ] = −2z 3 e ±hz1/2 * x 3 = e ∓h x 3 * e ±hz1/2
[z 2 , z 3 ] = sinh(hz 1 ) sinh(h) [z 1 , e ±hz1/2 ] = 0 and we find the following expressions for the coproduct ∆z 1 = 1 ⊗ z 1 + z 1 ⊗ 1 ∆z 2 = z 2 ⊗ e −hz1/2 + e hz1/2 ⊗ z 2 ∆z 3 = z 3 ⊗ e −hz1/2 + e hz1/2 ⊗ z 3 ∆e ±hz1/2 = e ±hz1/2 ⊗ e ±hz1/2
We see that z 1,2,3 are the generators of U h (sl(2, Ê)).
Deformation with 2 Parameters
We now rewrite our algebra with x 1,2,3 -coordinates defined as follows:
x 2 = A(ε 2 )h sinh(h) ξ 2
x 3 = A(ε 2 )h sinh(h) ξ 3
We multiply the Poisson structure by and we find the following expressions for the coproduct:
∆ξ 1 = 1 ⊗ ξ 1 + ξ 1 ⊗ 1 ∆ξ 2 = ξ 2 ⊗ e −hξ1/2 + e hξ1/2 ⊗ ξ 2 ∆ξ 3 = ξ 3 ⊗ e −hξ1/2 + e hξ1/2 ⊗ ξ 3 ∆e ±hξ1/2 = e ±hξ1/2 ⊗ e ±hξ1/2
